Frustration of classical many-body systems can be used to distinguish ferromagnetic interactions from antiferromagnetic ones via the Toulouse conditions. A quantum version of the Toulouse conditions provides a similar classification based on the local ground states. We compute the global ground states for a family of models with Heisenberg-like interactions and analyse their behaviour with respect to frustration, entanglement and degeneracy. For that we develop analytical and numerical analysing tools capable to quantify the interplay between those three quantities. We find that the quantum Toulouse conditions provide a proper classification, however, refinements can be found. Our results show how the different local ground states affect the interplay and pave the way for further generalisation and possible applications to other quantum many-body systems.
I. INTRODUCTION
The manifestation of entanglement is a physical phenomenon which is completely absent in our everyday world. In recent years it has been shown that entanglement plays a fundamental role in the physics of quantum many-body systems [1] . Particularly, the violation of the entanglement area law [2] [3] [4] [5] may serve as a detection tool of the presence of topologically ordered phases of matter [6] . Entanglement plays a crucial role also in local thermalization processes [7] [8] [9] [10] [11] and in the selection processes of specific states from degenerate ground state spaces [12] . Moreover, the absence of entanglement for some ground states may provide a classification of the type of macroscopic phases [13] [14] [15] . The entanglement can be also included to the powerful matrix-productstate approach allowing for studies of entanglement-triggered processes [16, 17] .
Contrary to entanglement, frustration is a property that is present both in the classical and quantum domain. It occurs when there are competing constraints, which cannot be fulfilled simultaneously [18] [19] [20] [21] . In classical many-body physics, frustration plays a key role in the theory of the spin glasses [22] [23] [24] [25] . Several quantum many-body systems are characterized by frustration whereas their classical counterparts are frustration-free [26] . This suggests that frustration and entanglement are intimately related.
The aim of this paper is to characterize and understand the interplay between frustration and entanglement in a complex many-body system. For that we will take advantage of a recently introduced measure of frustration [26, 27] . Such a measure allows to extend the classical Toulouse conditions (CTCs) [18] to quantum regime, the quantum Toulouse conditions (QTCs) [26] . The CTCs classify the interactions into two types, ferromagnetic and anti-ferromagnetic ones, depending on the local ground state space. A classical system is frustration-free if it can be transformed by unitary single-spin operations into a ferromagnetic one, else it is frustrated. In a similar manner the QTCs provide a classification into two types of interactions depending on the local ground states. Namely, the local ground state corresponds to a singlet state, a maximally entangled antisymmetric Bell state
(|↑↓ − |↓↑ ), or to one of the three other maximally entangled Bell states (triplet states). Quantum systems with no geometrical frustration can be transformed by unitary and anti-unitary single spin operations into a model with local ground states formed by one of the triplet states.
This paper studies violations of the QTCs. For this purpose we have searched for a family of models which allow to distinguish between different sources of frustration -geometrical and quantum ones -via the QTCs. This rules out models with external fields [28, 29] , cluster [30] [31] [32] or DzyaloshinskiiMoriya terms [33, 34] . We found that the anisotropic spin- 1 2 Heisenberg models do the job. They are defined on a onedimensional ring with translational symmetry established by an even number of spins. The strength of the interaction is chosen to be proportional to a power α ≥ 0 of the inverse distance between two spins. This distance-dependent interaction allows us to pass continuously between two extreme cases and herewith study the frustration and entaglement features under different conditions. This allows us to draw general conclusions on the interplay between them.
The paper is organized as follows. After the definition of the family of two-body Heisenberg-like Hamiltonians (Section II) we analyse the classical limit, which features frustration originated solely from the geometrical sources (Section III). These results serve as a benchmark for those of the models featuring frustration originated from quantum sources (Section IV). In particular we show how the QTCs and their violations allow for a classification of these quantum models. In Section V we summarize our results and discuss their relevance.
II. FAMILY OF MANY-BODY SYSTEMS
In the following analysis we consider a system of dynamics governed by two-body Heisenberg-like interactions which feature frustration originated from easily distinguishable sources. For the sake of simplicity we consider a system defined on a one-dimensional ring of even number N of spin-1 2 particles with periodic boundary conditions, and assume that it is invariant under spatial translation. Moreover, we assume that the strength of interaction depends on a power function of the inverse distance between two arbitrary spins. In this way, we are able to tune the weight of the quantum and geometrical sources of frustration presented in the system. The family of Hamiltonians readŝ
whereσ µ i with µ = x, y, z are the Pauli operators acting on the i-th spin, J µ are the anisotropy parameters in the spin direction µ, which for the sake of simplicity we assume independent on the relative distance d ij = min(j − i, i + N − j) between two spins.
The relative strength of the interactions is tuned by the parameter α ∈ [0, ∞). The models with α = 0 feature infiniterange interactions, namely each spin of the lattice interacts with the rest of spins with equal strength. On the contrary, the limit α → ∞ characterizes the models with short-range interactions. The in-between values of α establish a family of models with long-range interactions, i.e. each spin of the lattice interacts with the rest of spins with a strength that depends on the relative distance. For certain cases we have tested different dependences of the interactions on the distance, particularly an exponential dependence. However, no qualitative difference from the results presented in the paper was observed.
Without loss of generality we fix J z = −1 and consider the behaviour of the system, by varying only the anisotropies J x and J y in the interval [−1, 1] . Under this assumption, we observe three regions in the {J x , J y } space with different local ground states. The models of the region J y < −J x feature the local ground state represented by the Bell state
(|↑↓ − |↓↑ ), which is the singlet state. The models of the region J y > −J x feature the local ground state represented by the Bell state |ψ
(|↑↓ + |↓↑ ). Both these two states are maximally entangled and are equivalent with respect to local unitaries. This property plays a central role in the quantum information theory [35] and is relevant in experimental realizations of mixed states [36] .
Models at the boundary between those two regions -the case J y = −J x -provide a twofold degenerate local ground state, a convex combination of the Bell states |ψ − and |ψ + , which represents a completely classical mixed state.
In the following analysis we focus mainly on three physical quantities,
• the degeneracy D(N ) of the global ground state, which is fundamental for classical frustrated models [23] ;
• the concurrence C ij (J x , J y , α, N ) [37, 38] , which is a measure of the pairwise entanglement between two spins {i, j} in the lattice;
• the measure of frustration f ij (J x , J y , α, N ) introduced in Ref. [26, 27] , which quantifies the distance between the local ground state and the state effectively realized by means of competing interactions.
We choose the concurrence as a valuable measure of entanglement for two reasons, (a) the concurrence is one of the few measures of entanglement which is computable for mixed states, therefore it is also applicable for a system with a degenerate global ground state, (b) there is a striking relation between frustration and concurrence if the local ground state is not degenerate [39] , namely that the concurrence between directly interacting spins C ij (J x , J y , α, N ) is bounded by
Both the frustration and concurrence of a pair of spins {i, j} can be calculated from the reduced density matrix ρ ij (J x , J y , α, N ) obtained by tracing the maximally mixed ground state over the rest of spins of the lattice. Note that the reduced density matrix holds the same symmetry properties as the Hamiltonian since we consider maximally mixed ground states. In particular, the frustration of a directly interacting pair of spins {i, j} is given by
whereΠ(J x , J y ) is the projector operator on the local ground space. It should be noted that the projectorΠ(J x , J y ) does not depend on i, j and α.
In the case of classical models the reduced density matrix ρ ij (J x , J y , α, N ) can be evaluated analytically. On the other hand, for the quantum models we use a numerical analysis based on the exact diagonalization of the Hamiltonian through the Lánczos algorithm. We do a complete numerical analysis for N running from 6 to 16. For a limited number of models our analysis runs up to N = 20. Our results allow to conclude that the features of the system can be described by finite N .
III. THE CLASSICAL LIMIT
We start our analysis of the frustration by considering classical models which provide a benchmark for the discussion of the quantum models. By choosing J x = J y = 0 we reduce the family of the models described by the Hamiltonian (1) to an antiferromagnetic Ising model with long-range interactions, i.e.Ĥ
▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ if the operatorsσ z are replaced by a dichotomic variable restricted to the values ±1. In this case frustration can be originated only from geometrical sources.
The projector onto the local ground state for the models governed by the Hamiltonian (4) turns out to be a rang-two operator (see Sec. II)
Taking into account the measure of frustration defined in Eq. (3) and the invariance under global spin inversions of the Hamiltonian (4) we obtain the frustration of a pair of spins
where ρ ηξ ij (α) is the matrix element ofρ ij (J x = 0, J y = 0, α, N ) which corresponds to the projector |ηξ ηξ|. In the following we discuss both the cases of finite-range interactions (α > 0) and infinite-range interactions (α = 0).
A. Finite-range interactions (α > 0)
For non-zero values of α the space composed by the ground states of the Hamiltonian (4) is a two-dimensional Hilbert space with a basis formed by two Néel states [40] . Such states are characterized by an alternation of spin up and spin down states. Hence, the frustration vanishes for spins with an odd distance d ij and saturates to 1 when the distance is even (see equation (5)).
From a statistical point of view, the physical properties of the ground state (including its energy) are affected essentially by the frustration of a strongly interacting pair of spins rather than weakly interacting ones. To capture this aspect we weight the frustration of each pair of spins {i, j} by the relative strength of interaction between them and introduce a characteristic frustration function of the system of spins,
We point out that the characteristic frustration function (6) is not a new measure of the frustration, but a weighted average value of the frustration presented in the system. For the models described by the Hamiltonian (4) one finds analytical expressions of this characteristic frustration functionf (0, 0, α, N ) for systems consisting of N = 4k spins,
and N = 4k + 2 spins,
where k is an integer. Notice that the functions (7) and (8) coincide in the thermodynamic limit N → ∞, indeed
where ζ(α) is the Riemann zeta function, which converges to a finite value only for α > 1, see Fig. 1 .
The case of the infinite-range interactions corresponds to the physical situation in which each spin is interacting with any other spin (equally in strength and independently of their distances). We find that the degeneracy of the global ground state of the system described by the Hamiltonian (4) depends now on the size of the system. In fact any state | ↑ N/2 ↓ N/2 of N/2 spin up and N/2 spin down is a valid ground state of the system, thus the total degeneracy D(N ) of the ground state is
and hence increases exponentially with N . For a maximally mixed state all the states with N/2 spin up and N/2 spin down have the same weight. The matrix element ρ ↑↑ ij for a pair of spins has consequently to be proportional to the ratio of the number λ(N ) of states | ↑ N/2 ↓ N/2 and the total degeneracy D(N ). The number λ(N ) can be obtained by fixing the pair of spins {i, j} in the state |↑↑ and varying over all the possibilities for the remaining spins obeying the constrain of zero total magnetization,
After some algebra we obtain the frustration for each pair of spins in the lattice
which increases with the number of spins N and converges to 1 2 in the thermodynamic limit. Computing the characteristic frustration function (6) we find
Notice that the function (13) can be also obtained by performing the limit α → 0 + of the characteristic frustration functions (7) and (8) for the lattices with finite-range interactions. In this way the characteristic frustration functionf is consistent and continuous even for the models with an exponential dependence of D(N ).
IV. FRUSTRATION ORIGINATED FROM GEOMETRICAL AND QUANTUM SOURCES
In contrast to the models discussed in the previous section, the models with J y = −J x have Hamiltonians which cannot be separated into locally commuting terms. The loss of commutativity between local terms implies that frustration can originate both from geometrical sources (as for commuting models) and from quantum sources. We start the analysis by discussing the two extreme cases separately.
A. Short-range interactions (α → ∞)
Since we focus on the systems of even number of spins, the models with short-range interactions satisfy the QTCs [26] and, hence, frustration cannot originate from geometrical sources. Therefore, following QTCs there must exist a sequence of unitary operations which maps a model with a local ground state |ψ + into a model with local ground state |ψ − . For our models such a map is obtained by the rotations of ± π 2 around the z axis of all N/2 even spins (or alternatively odd). Particularly, such operations change the sign of the Pauli operatorsσ x → −σ x andσ y → −σ y of any even (odd) spin of the lattice. This implies that the sign of the anisotropies J x and J y changes, hence such a sequence can be considered as a bijective map between the models located above and below the symmetry axis J y = −J x . In the following we compare the models above and below the symmetry axis, line J y = −J x (compare also with Fig. 3) .
Since the bijective map consists of local unitary operations only, it does not change the amount of entanglement and frustration. If no geometric frustration exists in the system, then there is a perfect symmetry between frustration and entanglement with respect to the line J y = −J x . This fact implies that models, which admit the singlet state |ψ − (above the line J y = −J x ) and one of the components of the triplet state (below the line J y = −J x ), behave in a similar way with respect to the entanglement and frustration. This symmetry is in a perfect agreement with the behaviour of the classical models. In fact, in the limit α → ∞ the classical models allow to pass from ferromagnetic to antiferromagnetic phase by means of local unitary operations only. Considering the entanglement properties of the system, it should be mentioned that the concurrence can hold a non-zero value even for a pair of non-interacting spins. As shown in Fig. (2) the amount of the concurrence tends to diverge if the set of the anisotropies approaches to the case J y = −J x . On the contrary, the value of each single concurrence decreases. This behaviour is in perfect agreement with the results of Ref. [41] which have studied the divergence of the amount of concurrence close to the factorization point for models with short-range interactions.
Summarizing, a perfect symmetry exists between models which have a singlet state or one of the triplet states as the local ground state, if frustration is originated from quantum sources only, i.e. no geometrical sources are present. In the infinite-range case such a symmetry breaks (as we show in the following).
B. Infinite-range interactions (α = 0)
In strong contrast to discussed short-range models one observes a strong dependence of the behaviour for values of J x , J y above or below the symmetry line J y = −J x , which is illustrated in Fig. (3) .
The models located above the line (white area in Fig. (3) ), i.e. those with |ψ + as a local ground state, are always described by the non-degenerate Hamiltonian. In this case, any single pair of spins has a value of the frustration in the interval N −1 coincides with the value of frustration in Eq. (12) . The minimum of frustration is reached for models with J x = J y > 0. In general, the numerical analysis shows that the value of frustration of each single pair of spins does not change along the line
This unexpected identity can be explained by noting that the Hamiltonian (1) commutes with the total magnetization S z = iσ z i along the z-axis if J x = J y . Therefore, the {|↑↓ − |↓↑ }. Above the dotted curves, depending on the size N , lies the family A of the models, which are characterised by non-degenerate global ground state. The remaning region features the family B of the models, which are characterised by degenerate global ground states. Particularly, in the thermodynamic limit the global ground state is degenerate only if both parameters Jx, Jy are negative. The plots are generated by interpolating different numerical results for a given N (101 × 101 models for N ≤ 14 and 51 × 51 models for N > 14). spectrum of the Hamiltonian can be decomposed into N + 1 non-interacting samples as can be done in the classical limit as well. However, it should be noted that the degeneracy of the global ground state in the classical limit analysed in Sec. III B increases exponentially with N , whereas in the quantum models we have no degeneracy at all.
On the contrary, the limits γ → 0, ∞ imply a maximum value of frustration off (J x , J y , 0, N ) = 1/2. This value is independent on the size of the system, while the minimum value of frustration tends to 1/2 in thermodynamic limit. Therefore, we conclude that the value of frustration is equal to 1/2 in the whole region in thermodynamic limit. Hence, for a macroscopic system the amount of frustration in a model with infinite-range interactions which admits as local ground states |ψ + is indistinguishable from the ones of a classical model. Note that this indistinguishability appears though the degeneracy of the classical models is non-zero and can increase exponentially with N . This is a typical behaviour of frustration when classical and quantum models are compared [42] .
Since all the interactions have the same strength, the concurrence is also independent on the distance between the spins. We find a saturation of the inequality (2) by concurrence. Therefore, it is bounded from above by 1 N −1 and approaches zero in the thermodynamic limit accordingly to the monogamy relation [39] .
Turning to the models with J y < −J x , we obtain a completely different picture. This family of models falls into two different cases which we denote by A and B. They are separated by the boundary which depends on the size of the lattice N , as shown in Fig. 3 . If the anisotropy parameters J x and J y of a model lie below the line J y = −J x and above the lines
then it belongs to the family A, otherwise it belongs to the family B. Hence the number of models belonged to the family A increases with the size of the lattice N . For both the families the local ground states are unique, while the global ones differ. We observe that the models of the family A can be considered as a continuation of those belonged to the region analysed before, except that the value of frustration approaches 1. In this case the relation between frustration and concurrence [39] is not saturated, and we have to evaluate the value of frustration directly from the reduced density matrix. Analysing the behaviour of the global ground state, we observe that the values of concurrence can be considered as an analytic continuation of the values obtained for the models with J y > −J x . Therefore, the family A also features concurrence of each single pair which is bounded from above by 1 N −1 and vanishes in the thermodynamic limit. On the other hand, the family B exhibits a degeneracy of the ground state which increases exponentially with N . Such a behaviour is similar to the one of the classical models with J x = J y = 0 discussed in Section III. In more details, due to our numerical analysis the degree of degeneracy of the models in the family B is equal to 1 2+N times the degeneracy (10) of the classical model,
The value of frustration of each single pair of spins depends on the size of the lattice N and is proportional to the ones obtained for the classical model,
Consequently, the characteristic frustration function becomes
It is important to outline that for the family B as well as for the family A the degeneracy of the ground state and the value of frustration are independent on the anisotropy parameters J x and J y . Considering Eq. (18) and taking into account Eq. (2) we may immediately conclude that for all the models in the region we have that the concurrence between two spins is always zero (independently on N ). Such a behaviour of the degeneracy and frustration as well as the absence of entanglement make the models of family B very close to those obtained by a classical limit (see the Section III).
The behaviour of the characteristic frustration functioñ f (J x , J y , α, N ) as a function of the anisotropy parameters for α = 1, 5 are shown in Fig. (4) . For α = 1 we still observe the differences between the family of models A and B as discussed for α = 0. Note, however, that the macroscopic degeneracy observed for the family B for α = 0 disappears immediately for any α > 0. By increasing α the region of models of type A decreases and vanishes for α → ∞.
To analyse this phenomenon quantitatively we introduce a new quantity sensitive to the difference between the frus- tration of the models, which lie in different subregions, namely above and below the line J y = −J x . Starting from f (J x , J y , α, N ) we introduce as an anisotropy estimator between the symmetric and antisymmetric local ground state spaces the asymmetry function Λ(α, N ) defined as
where Ω is the parameter space of {J x , J y }. The behaviour of Λ(α, N ) as a function of α for different N is shown in Fig. (5) , which exhibits its exponential decrease proportional to 2 −(α+1) for α ≥ 3 independently of the size of lattice. Such a behaviour agrees with the results obtained for the two limiting cases. Indeed, in the limit α → ∞, which implies a symmetry between the models lied below and above the line J y = −J x , the asymmetry function vanishes for all N . In the opposite limit α → 0 we obtain an increase of the asymmetry function with N , which tends to Λ(0, ∞) = 3 8 in the thermodynamic limit.
Since there is no finite critical value of α implying the full disappearance of family A, the characteristic frustration function can be bounded from above only for a given α and N , i.e. byf
which becomes in thermodynamic limit
For the lower bound we use the numerical results obtained by the exact diagonalization of the Hamiltonian. The behaviour of the maximum and minimum off (J x , J y , α, N ) as a function of α for all the values of J x and J y with the fixed N = 6, 8, 10, 12 is shown in Fig. (6) . While the maximum is given by Eq. (20) , the minimum tends to coincide with the classical value for α → 0 and remains non-zero in the limit α → ∞. Defining the minimum of the characteristic frustration function as
we find that it is bounded in the thermodynamic limit by
wheref (∞, ∞) is the minimum of the characteristic frustration function in the thermodynamic limit for the models with short-range interactions. It is a finite number, and ζ(α) diverges for α ≥ 1, therefore,f (α, ∞) diverges for α ≥ 1.
Since the maximum of the characteristic frustration function diverges for α ≥ 1 as well due to Eq. (21), we find that the models with long-range interactions (α ≤ 1) can be divided into two families. The first family consists of models which imply a divergence off (J x , J y , α, N ) independently on the anisotropies α ≤ 1. The second family of models, α ≥ 1, exhibits a finite value of the characteristic frustration function even in the thermodynamic limit. Notice that that beyond the limit α = 1 the non-interacting fermionic models violate the area law of the entanglement entropy [3, 43] . Hence, this result seems to suggest the existence of a connection between frustration and entanglement even deeper than the one known until now. Unfortunately, with our approach it cannot be analysed deeper.
The concurrence shows a behaviour similar to the one of frustration. For α > 1 the concurrence is limited to the nextneighbour pairs of spins with the exception of the models with J x and J y close to the factorization point. The value of concurrence depends on the choice of the anisotropy parameters, and the symmetry between the models with respect to the line J x = −J y is recovered in the limit α → ∞. On the contrary, for α < 1 the range of concurrence diverges for the models which admit the singlet state |ψ − as a local ground state. Such a range is limited to the next-neighbour pairs of spins for the models which admit |ψ + as a local ground state. This fact proves, that a strong dependence of the properties of frustration on the local ground space highlights a peculiar behaviour of the properties of entanglement in the system.
V. SUMMARY AND CONCLUSIONS
The aim of this contribution is to study how the different sources of frustration affect the properties of the global ground state of a many-body system and its interplay with entanglement. In particular, we have analysed a family of spin- 1 2 Heisenberg-like Hamiltonians with distance-dependent twobody interactions and studied their properties related to frustration and entanglement. Since only few models allow to find analytical solutions, we have performed numerical computations for finite-size systems. The obtained results turn out to be very consistent with increasing number of spins. This fact allows for an extrapolation of behaviour of the system in the thermodynamic limit.
The presence or absence of geometrical frustration introduces a classification for the family of models which is completely equivalent to the ferromagnetic/antiferromagnetic classification via the classical Toulouse conditions (CTCs). The role played by the antiferromagnetic models in the classical case passes in the quantum regime to the models which admit the singlet state as the local ground state. Such models, in the case of infinite-range interactions, imply different physical properties of the global system with respect to models admitting one of the triplet states as the local ground state. In the short-range limit such a difference vanishes fully. We quantify this different physical behaviour by introducing an asymmetry function Λ(α, N ). It characterizes the difference of frustration based on singlet or triplet states as local ground states, which are all four maximally entangled states differing only by local unitaries. By analysing the function Λ(α, N ) we have proven quantitatively its exponential decrease depending on the range of the interactions.
Our results illustrate the role played by the different local maximally entangled ground states in physics of frustrated quantum systems. These results and the developed methods pave the way e.g. for a generalization of spin glasses [24] to the quantum regime [44] . Furthermore, our results suggest that an even deeper relation between entanglement and frustration exists.
